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A system of sets E,, E,, ..., E,c X is said to be disjointly representable if there exist
X1y Xy, ooy X € X such that x, € Ejei=j. Let f(r, k) denote the maximal size of an r-uniform set-
system containing no & disjointly representable members. In the first section the exact value of
f(r, 3) is determined and (asymptotically sharp) bounds on f(r, k), k=3 are established. The last
two sections contain some generalizations, in particular we prove an analogue of Sauer’s theorem
[16) for uniform set-systems.

1. Set-systems without &k disjointly representable members

We start by recalling two well-known and {requently used definitions in combi-
natorial set theory. Given an arbitrary set X, E;, E,, ..., E,EX are said

{a) to form a A-system, if there exists a subset KCX such that ENE,=K
for every pair (4,j), 1=i<j=k (Cf. [7].)

(b) to have a system {x;, X3, ..., X} of distinct representatives, if all x; are dif-
ferent and x;€E; for every i, 1=i=k. (See e.g. [1].)

In the present note we introduce the following intermediate notion, establish-
ing a natural link between the above two definitions.

Definition 1. The sets E,, E,, ..., E,SX are said to be disjointly representable
if there exist Xp, Xy, ..., Xx;¢X such that

in other words, no E; is contained in the union of the others.

If E,, E,, ..., E, form a 4-system, then they are disjointly representable and.
consequently, have a system of distinct representatives.

A classical result of Erdds and Rado [7] states that apy r-uniform set-system
consisting of at least 14" sets contains a k member 4-system. Our next theorem shows
that this bound can be essentially improved. if, instead of a 4-system, the existence
of k disjointly representable sets is to be guaranteed. Let T(n, r, k), r<k<=n, denote
the Turdn number, i.e. the largest integer T such that there exists an r-uniform set-
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system with 7 members on an # element set X, which does not contain all r-tuples of
a k element subset of X.

Theorem 1. Let f(r, ky=max ||, where the maximum is taken over all r-uniform
set-systems J containing no k disjointly representable members. Then we have

0 Tr+k—1,k—1,k) = f(r k) = (’7’_‘11] r=1, k=2),
(ii) . 3) = [%EH’;Z] (r=1).

and (up to isomorphism) the only r-uniform set-system ¥, 5 without 3 disjointly repre-
sentable members, satisfying |, |=f(r,3), can be constructed as follows. Let A

and B be disjoint sets with |A|= r+2 and 181:[1‘—:2], and let A,
={EC AUB|[E|=r and |AN\E|=|B\E|=1}.

(iif) £, k) = [";1]—["%1], = 2),

and the only graph A, ;. with |5, | =2, k), which contains no k disjointly represent-

able edges, can be obtained from the complete graph K, .., by deleting [;H- L ] edges as

2
disjoint as possible.

Proof. (i): Take any (k—I)-uniform set-system & on an r+k—1 element set X,
which does not contain all (k—1)-tuples of any k element subset of X. Then #
={X\F|FC¢F} is obviously an r-uniform set-system without k& disjointly represent-
able members. This proves the lower bound in (i).

Let #={E,, E,, ..., E,} be an arbitrary r-uniform setsystem containing no
k disjointly representable sets. For each 7/ (1=/=m), choose a minimal subset

m

Fig(u EJ,-]\E,- so that FNE;#@ for all jxi. Observe that |F]=k-]
i=1

(1=7/=m), otherwise, by minimality, F; would be a representative system of |Fi|z=k
disjointly representable members of 3. The upper bound is now an immediate con-
sequence of the following lemma due to Bollobas [2] (see also Jaeger—Payan [10],
Katona [12), Lovasz [14]):

Lemma 1. Let #={E,,E,,...,E,}, #' ={F.F,,..,F,} be two set-systems
satisfying |E;|=r and |F;|=k~1 for all i, 1=i=m. Suppose further that E,NI;

r+k—1]
k—1 ) !

(ii): We proceed by induction on r. In case r=1 the assertion trivially holds. Assume
now r=1, and let #={E, E;, ..., E}, # ={F, F,, ..., F,;} denote the same
set-systems as in the previous section (with k=3). Suppose first that |F;|<2 for
some /. Then, applying the induction hypothesis to the system {E\F;|l=j=m,

j#i}. we obtain m=f(r—1,3)+1 <[r—;2]IL—;—2] and we are done.

=0ei=j. Then nzé[
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Hence, we may assume |F;]=2 for all /. In other words, #” is a simple graph.
Set M :={FcH#'|F,CE} and A :=H#" . The following three properties
can readily be checked by the definitions, using the fact that # does not contain 3
disjointly representable sets:

(a) A’ is a triangle-free graph;

(by E\NF;#8 for every 7, l<i=m;

{c) ]{FI: xCFeA|FEx)I=1 for every x€E,.
From here, applying the Turdn theorem [18] to 3, it follows that

m= || = ||+ || = [%J.I'_z'l_*_,._}_l _ lr—iz-ZJ‘[,-;TL

as required. The verification of the uniqueness of the extremal construction described
in the theorem is left to the reader.

(iii): Let 5# be an arbitrary graph on an n-element vertex set. Observe that k edges ol
H# are disjointly representable if and only if they form a number of vertex-disjoint
stars. Thus, the following two properties are equivalent:
(a) # does not contain k disjointly representable edges;
(b) every set of n—k vertices has a common neighbour in 2 (i.e. in the com-
plement of graph J#).
Hence, (iil) follows from the next result due to P. Erdds and L. Moser {6]:

Lemma 2. Given two natural numbers t, n (t<n), let G be a graph of n vertices with
the property that any t of them have a common neighbour. Then G has at least (n—t+1) -
- —t+1
(7—1 )+[z 21 ]4— [ﬂ% edges, and equality holds here if and only if G has 1—1
n—i+1
2

vertices joined to every other vertex, and [ ] Jurther edges as disjoint as pos-

sible. |

Remarks 1. The gap between the lower and upper bounds in part (i) of Theorem 1
is not too big, if r>k are large enough. It is known (see e.g. [13]) that, for any
fixed k=2, limUTk-LA-LK)
reveo [r+k— 1]
k—1

i a positive constant ¢, and klim =1

(cf. [17]).

2. Parts (ii) and (iii) of the theorem assert f(r, 3)=7(r+2, 2, 3) and f(2, k)
=T(k+1,k—1, k), resp. That is, in these cases the lower bound given by (i) is
sharp. One might be tempted to think that this is also true in general, i.e. f(r, k)=
=T@ur+k—1, k—1,k) for all r=1, k=2.

3. A set-system ' is said to be of rank r, if |E|=r for every E€#. Let
f(=r, k)=max |#|, where the maximum is taken over all set-systems 3 of rank r,
containing no k disjointly representable members. Then we obviously have f(r, k)
r+2
2
construction is the following: #:={E;|l=/<j=r+2}, where E;;:={kli<k<j
or j<k=r+2}.

<f(=r,k). E.g, in case k=3 one can prove f(=r, 3):( ), and an optimal
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2. Disjointly s-representable sets

Hajnal {11] has suggested the following modification of the above problem:
What happens if, instead of k disjointly representable sets, we look for k sets such
that each can be represented by mote than one point?

Definition 2. The sets E,, E,, ..., E,.S X are said to be disjointly t-representable if
one can choose disjoint t-element subsets X;SE; (1=i=k) such that X,NE;=0
whenever [#].

An apparent difficulty is that, given any r=¢=1, one can construct arbitra-
rily large r-uniform set-systems without 2 disjointly #-representable members. (E.g.
a large 4-system with a kernel of size at least » —7+ 1 will do.) However, the following
analogue of Theorem 1 is valid.

Theorem 2. Given any four natural numbers 1,r, k, 1 (r=t, k=3,1=2), let fir, k)
=max |#]|, where the maxinum is taken over all r-uniform set-systems H having the
following two properties:
(1) S does not contain an | member A-system whose kernel is of size =r—1;
(i) H# does not contain k disjointly t-representable members.
Then we have
clle, L, r&-mt = £l k) = ' (k, I, )1

where ¢ and ¢’ are positive constants independent of .

Proof. The lower bound can be established by the following construction. Given an
(r+kt—1)-element set X, we can select a system & of (kt— 1)-tuples of X so that

(a) |[FINFy|<(k—1)t for every pair F,, F,€.F;

Zl= L r+kt~l] [kt——l] _ .

(b) [.}'|=2 [ (k=11 /(k—l)t , (sec Rodl [15]).
Choosc a partition X;UX,U...UX,,_, of X so as to maximize the cardinality of the
set-system

F=AFeF||FNX|=1, i=1,2, ... ki—1).

We may assume (cf. [3], [4]) that

(kt—1)!

|Z| k=TT

I

1 F| = ek, fyri-be

Observe, finally, that # ={X—F|FEF’} is an r-uniform set-system meeting both
requirements (i) and (ii), (with /=2).

Next we prove the upper bound. Let # be a set-system satisfying (i) and (ii).
Take k—1 distinct members E;, E,. ..., E,_1€# such that E,UE,U...UE,_,=FE*
is as large as possible. Then |ENE*|=>r—t for every E€#. For if not, then either
E,E,, Es., ..., E,_, would be disjointly r-representable or replacing some E; by E
we would get a contradiction with the maximum property of E*.

On the other hand, the above cited result of Erdés and Rado [7] yields that
any (r—t-1)-clement subset of E* can be contained only in at most (r—nr-t
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members of .3, otherwise (i) would be violated. Thus |#|=(—1)1F~1#*|, where
#* is the trace of # on E*, ie.

K= H|p = {ENE*|EcHH).
We need the following well-known result of Sauer [16] (see also [8], [9]):

Lemma 3. Let F be a sysiem of subsets of an n element set X. Then either |F |
K—-1
n . .
= > [i]’ or there exists a K element subset Y S X such that for every Y'S&Y
fjaur}

one can find FeF with FOYy=Y' |}

Applying this to #* (with n=|E*|=(k—1)r, K=kt) and noticing that, by
condition (ii) in the theorem, the tatter possibility is excluded, we obtain the desired
upper bound on || (and hence on |#)).

3. Traces of set-systems

k

=7

. . k k N
Throughout this section let [>i)’ ( ) and [——i] stand for the set-systems

consisting of all at least i-, af most i- and exactly i-element subsets of a k-element set,
Tesp.

Given two set-systems 5 and &, F is called a trace of # (in short, # —~F),
if # is isomorphic to a subsystem of

Hly:= {ENY|Ec #).

the restriction of #° to a subset Y.
The problem investigated in the first section of this paper belongs to the lollow-
ing general pattern: Determine

m(n, r, F):= max | A

>

where the maximum is taken over all r-uniform set-systems .# on an n element
ground-set, with the property # +%.

Using these terms (and the notation in Theorem 1), we have m [n, ’, [:kl]]
=f(r, k), provided n is large enough. ‘

Further, Lemma 3 (Sauer’s theorem) immediately implies mln, ¥, (zko)]

k—1

=2 [’:] Next we show that the first k—1 terms of this sum can be omitted.
i=0

The proof uses a simple linear algebraic approach developed in [9].

Theorem 3. Let n, r. k be natural numbers (n=rz=k), and let # be an r-uniform

k
set-system on an n element ground-set X. Then either |AH ]§(k’: 0 ), or H »[>0].

Proof. Let Y,.Y,, ..., Y(k,, ) be an enumeration of all (k—1)-tuples of X, and let
1
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E\. E,, ..., E|x| denote the members of . Define an I.J/KIX[/’i7 ] matrix A=(a;).

1
as follows.

0 '—{1 TE2Y e 1= (")
=0 it By, TN IEIE L))

A

[

Assume || = (kﬁl ) Then the rows of 4 cannot be linearly independent. That is,

one can choose suitable reals «,. 4, ..., % (not all of them being zero) such that

1% o 1= [ n )
& ma =0 (==l )]
Let Y be a minimal subset of X with > ;0. We clearly have |Y|=k, and for
EDY
every Z&Y
> ==Y 30
ENY=2 E2Y

holds, as can be shown by an easy backwards induction on |Z|. This yields, in parti-
cular, that for every ZSY there exists E;€# with ENY=Z. |

Corollary. Given natural numbers n, k (n=k), we have

—1 k . .
*) [2_1) = m[n, k, [2 1}] = (kﬁl) Jor every i<k, }

Remarks 4. The upper bound in (*) cannot be improved without any further
restriction on n and k. (Set n=2k—1.)
On the other hand, the lower bound can also be attained._lf i=k—1, for

instance, then the proof of Theorem 1 (i) applied to the system #:={X —E|Ec.#}

shows that
PPz k-] T k=1 )

5. One can easily prove that

k

=k——l]] = T(n k—1, k).

** Tn—1, k=1, k)=m [n, k, (

As a matter of fact, we suspect that in both (*) and (**) the lower bound is attained
if n is sufficiently large. In particular, for i=0, this would yield an interesting gene-
ralization of the Erd6s—Ko—Rado theorem {3].
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