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A system of sets E~, Ea, ..., EkcX  is said to be disjointly representable if there exist 
xa, xz, ..., xkEX such that x~EEjc*i=j. Let f(r,  k) denote the maximal size of an r-uniform set- 
system containing no k disjointly representable members. In the first section the exact value of 
f(r, 3) is determined and (asymptotically sharp) bounds on f(r, k), k>  3 are established. The last 
two sections contain some generalizations, in particular we prove an analogue of Sauer's theorem 
[16] for uniform set-systems. 

1. Set-systems without k disjointly representable members 

W e  s tar t  by recalling two wel l -known and  frequently used definit ions in combi-  
na tor ia l  set  theory.  Given  an a rb i t ra ry  set X, /=;~, E~ . . . . .  Ekc=x are said 

(a) to  form a A-system, if  there  exists a subset  K ~ X  such tha t  E, N E j = K  
for every pa i r  ( i , j ) ,  1 ~i<j-_<k (Cf. [7].) 

(b) to  have a system {xl, x2 . . . . .  xk} o f  distinct representatives, if all .vl are dif- 
ferent  and  a-iEEi for  every i, l~ i<-k .  (See e.g. [1].) 

In the present  note  we in t roduce  the fol lowing in termediate  not ion ,  establish- 
ing a na tu ra l  l ink between the above  two definit ions.  

Definition 1. The sets El ,  E2 . . . .  , Ekc=X are said to be disjointly representable 
i f  there exist x l ,  x~ . . . .  , .X'kEX such that 

x iEEj~=>i=j  ([ ~ i ,  j ~  k), 

in other words, no E i is contained in the union o f  the others. 

I f  E~, E., . . . .  , E~ form a A-system, then they are  dis joint ly representable  and,  
consequent ly ,  have a system of  dist inct  representat ives.  

A classical  result  o f  Erd6s  and Rado  [7] states tha t  any r -uni form set-system 
consis t ing o f  at  least r!k" sets conta ins  a k m e m b e r  A-system. Our  next theorem shows 
tha t  this b o u n d  can be essential ly improved,  if, ins tead of  a A-system, the existence 
of  k disjointly representable sets is to be guaranteed .  Let  T(n, r, k), r < l c < m  denote  
the Turfin number ,  i.e. the  largest integer T such that  there exists an r -uni form set- 
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system with T members on an n element set X, which does not contain all r-tuples of 
a k element subset of X. 

Theorem 1. Let f (r ,  k )=max  I~(~i, where the maximum is taken over all r-uniform 
set-systems ,Tt ° containing no k disjointly representable members. Then we have 

(i) ( r + k - l ]  (r ~ 1, k :-=- 2), T ( r + k - - l , k - l , k ) ~ f ( r , k ) - ~  I k - I  ) '  

and (tq~ to isomorl)hism ) the only r-un(form set-system 2/d,,a without 3 di~jointly repre- 
.rentable members, satisfying J.Y'd,,:~ I =f ( r ,  3), can be constructed as follows. Let A 

and B b e  disjoint sets with ,AI=J-~-~-[ and IBI=IL- I, and let .Yd ~, u 

-=  {E=AU !IEI=," a . , l  IA\EI = iB\E[ = 1}. 

and the only graph Jr%.,1, with k), which contains no k disjointly represent- 

able edges, can be obtained from the complete graph Kk+l by deleting J ~ J  edges as 

di.~joint as possible. 

Proof.  (i): Take any (k - l ) -un i fo rm set-system ~ on an r + k - I  element set X. 
which does not contain all (k - l ) - tup les  of any k element subset of X. Then 
:= {X\FIFEo~  } is obviously an r-uniform set-system without k disjointly represent- 
able members. This proves the lower bound in (i). 

Let ..Y.¢'= {EL, E2, ..., E,,,} be an arbitrary r-umform setsystem containing no 
k disjointly representable sets. For  each i (1 ~ i ~ m ) ,  choose a minimal subset 

[" / FiC= U E i \ E ~  so that F~O/~)#0 for all . /~i.  Observe that IF~l=<k-I 
t i : l  , '  

(1 ~ i ~ m ) ,  otherwise, by minimality, F~ would be a representative system of ]F,] ~ k  
disjointly representable members of ~(¢'. The upper bound is now an immediate con- 
sequence of the following lemma due to Bollob~ts [2] (see also Jaeger--Payan [10], 
Katona [12], Lovfisz [14]): 
Lemma 1. Let .Y'f = {El ,  E2, ..., E,,}, : ~ ' =  {F1, F2 . . . .  , Fro} be two set-systems 
satisfying [Eli ~ r  and [F/I ~ k -  1 for  all i, 1 ~i~=m. Suppose further that Ei(~ l~ l) 
= O ~ i = j .  Then m ~ t  k - 1  " | 

(ii) : We proceed by induction on r. In case r =  1 the assertion trivially holds. Assume 
now r > l ,  and let . ;~= {E~, E2, . . . ,  E,,}, ) f " =  {G, F~, ..., F,,} denote the same 
set-systems as in the previous section (with k=3) .  Suppose first that IF~I<2 for 
some i. Then, applying the induction hypothesis to the system {Ej\F~II <=j<=m, 

j ~ i } ,  we obtain m ~ f ( r _ l , 3 ) + l < j r ~ 2 ] -  - - _ _  ."  - "[r~21__ and we are done. 
[ z j 1 1 1  
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Hence, we may assume IFil =2  for all i. In other words, a f '  is a simple graph. 
Set Jtl":={FiEaf.'lFiC=E1} and ,~.j:=aqo"N.3fl". The following three properties 
can readily be checked by the definitions, using the fact that act , does not contain 3 
disjointly representable sets: 

(a) 3 f '  is a triangle-free graph; 
(b) EIAFi¢ -O for every i, l < i ~ m ;  
(c) ]{F~: xEFiEcgg-.fJF, Ex}1-~I for every .rEEl,. 

From here, applying the Turfin theorem [18] to ~ ,  it follows that 

m = , . . ,  = I21+, + , - - I  r+2 l l 'g l. 
as required. The verification of the uniqueness of the extremal construction described 
in the theorem is left to the reader. 

(iii): Let ~ be an arbitrary graph on an ~-element vertex set. Observe that k edges of 
.Yg are disjointly representable if and only if they form a number of vertex-disjoint 
stars. Thus, the following two properties are equivalent: 

(a) ~ does not contain k disjointly representable edges; 
(b) every set of n - k  vertices has a common neighbour in ~ (i.e. in the con> 

plement of graph acgo). 
Hence, (iii) follows from the next result due to P. Erd6s and L. Moser [6]: 

Lemma 2. Given two natural numbers t, n (t<n),  let G be a graph o f  n rertices with 
the property that any t o f  them have a common neighbour. Then G has at least ( n - t + 1 ) • 

sible. II I 

Remarks 1. The gap between the lower and upper bounds in part (i) of Theorem 1 
is not too big, if r>>k are large enough. It is known (see e.g. [13]) that, for any 

T ( r + k - 1 ,  k - l ,  k) 
fixed k_->2, lim is a positive constant c~, and lira Ck=I 

" -~  l. k- l ( r+k- l )  k-~ 

(cf. [171). 

2. Parts (ii) and (iii) of the themem assmt f(r ,  3 )=T( r+2 ,  2, 3) and f(2, k) 
= T ( k +  1, k - l ,  k), resp. That is, in these cases the lower bound given by (i) is 
sharp. One might be tempted to think that this is also true in general, i.e. f ( r ,  k )=  
= T ( r + k - l ,  k - l , k )  for all r_>-l, k~2 .  

3. A set-system J¢' is said to be of rank r, if I E l ~ r  for every EEacg.. Let 
f(<=r, k ) = m a x  ]af[, where the maximum is taken over all set-systems Jr: of Iank r, 
containing no k disjointly representable members. Then we obviously have f(r ,  k) 

<f(<=r, k). E.g., in case k = 3  one can prove f ( ~ r ,  3)=~r+21"" andan  optimal 
2 ] '  

construction is the following: , ~ : =  {Eo.[1 <-i<j<=r+2}, where Eij : =  { k l i < k <  j 
or ./<k<=r+2}. 
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2. Disjointly t-representable sets 

Hajnal [11] has suggested the following modification of the above problem: 
What happens if, instead of k disjointly representable sets, we look for k sets such 
that each can be represented by mine than one point? 

Definition 2. The sets E~, E~, ..., Ek c= X are said to be dis jointly t-representable i f  
one can d~oose disjoint t-element subsets ,giC=E i (I : ~ i ~ k )  such that X i (3E j=O 
whenever i-rzj. 

An apparent difficulty is that, given any r ~ t > l ,  one can construct arbitra- 
rily large r-uniform set-systems without 2 disjointly t-representable members. (E.g. 
a large A-system with a kernel of size at least r - t  + 1 will do.) However, the following 
analogue of  Theorem l is valid. 

Theorem 2. Given any four  natural mtmbers t, r, k,  l ( r ~ t ,  k ~ 3 ,  l~2) ,  let f,i(r, k)  
= max t,$¢'], where the max imum is taken over all r-un(florm set-systems ~ having the 

,followhTg two properties." 
(i) act , does" not contain an l member A-system whose kernel is o['size > r - t ;  

(it) ]t  ° does not eontahl k disjointly t-representable members. 
Then we have 

c(k, l, t)r  ( k - ' '  ~ ./'~(r, k) ~ c '(k,  l, t)r  k'-~ 

where c and c" are positive constants independent o f  r. 

Proof. The lower bound can be established by the following construction. Given an 
( r + k t - l ) - e l e m e n t  set X, we can select a system ~- of  ( k t -  1)-tuples of X so that 

(a) IF, O F 2 [ < ( k - - l ) t  tbr every pair Fj, F2E-~; 
> 1 ( r + k t -  l 

Choose a partition X~ U)(_,U... (OX~_~ of Z so as to maximize the cardinality of the 
set-system 

. ~ ' : =  {trE:YI1FClX, I = l, i =  1,2 . . . . .  k t - l } .  

We may assume (cf. [3], [4]) that 

( k t -  1)! 
I:~'1 ~ ( k t - 1 )  ~ t - '  t.~1 =~ c(k,  0 ,  -(*-1, '  

Observe, finally, that : ) f ' = { X - F I F E , ~  "} is an r-uniform set-system ineeting both 
requirements (i) and (it), (with l=2).  

Next we prove the upper bound. Let ag ~ be a set-system satisfying (i) and (it). 
Fake k - 1  distinct members El,  E., . . . . .  Ek-  I E Yt" such that E1U E., U ... U Ek_ I = E * 
is as large as possible. Then [ E O E * t > r - t  for every E E J f .  For if not, then either 
E, El, E2, ..., Ek-i would be disjointly t-representable or replacing some Ei by E 
we would get a contradiction with the maximum pioperty of E*. 

On the other hand, the above cited result of Erd6s and Rado [7] yields that 
vny ( r - t + l ) - e l e m e n t  subset of  E* can be contained only in at most ( t - 1 ) ! l  t-1 
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members of  .Y¢', othmsvise (i) would be violated. Thus ]Jt°j ~ ( t - l ) ! I t - ~ ] ~ * l ,  where 
.~.* is the trace of ,X ,~ on E*, i.e. 

of* := ,~IE* = { E D E * I E E ~ }  . 

We need the following well-known result of Sauer [161 (see also [8], [9]): 

Lemma 3. Let .~ be a s>'swm o/'subsets o f  an n element set X. Then eiflmr I.~-] 

~ , or there exists a K element subsel Y ~ X such that for eeer), Y ' ~  Y 
l = O  

one can f ind ["E,N with I : ( ' IY=Y' .  II 

Applying this to af'* (with n=  ] E * [ ~ ( k - 1 ) r ,  K = k t )  and noticing that, by 
condition (ii) in the theorem, the latter possibility is excluded, we obtain the desired 
upper bound on t-3/{'*[ (and hence on IoX,~]). 

3. Traces of set-systems 

rhroughout  this section let ( k i ) ,  ( k<=i) and ( 2 i }  stand lbr theset-systenas 

consisting of  all at least i-, at most i- and exactly/-element subsets of a k-element set, 
resp. 

Given two set-systems .off" and ..~, ,N is called a trace ofag  ) (in short, ,¢¢:-~o~), 
if .~- is isomorphic to a subsystem of  

, ly := {E,q Y 

the restriction of  a f  to a subset Y. 
The problem investigated in the first section of this paper belongs to the follow- 

ing general pattern: Determine 

re(n, r, .~-) := max L.r"g[, 

where the maximu,n is taken over all r-uniform set-systems .:/f on an n element 
ground-set, with the property . .af+.~. 

/ . ~ x ' t  

Using these terms (and the notation in Theorem 1), we have mln, r , {21J  ] 
N / 

=f( r ,  k), provided n is large enough. 
i . r x ' ~  

Further, Lemma 3 (Sauer's theorem, immediately implies m [ n , r , l ~ n H  
\ ~,--v//__ 

?'f';I ~- . Next we show that the first k - 1  terms of this sum can be omitted. 

The proof  uses a simple linear algebraic approach developed in [9]. 

Theorem 3. Let n, r, k be natural mtmbers (n~_r~k),  and let .~, be an r-uni/orm 

("1 (21 set-a3,stem on an n element ground-set X. Then either ].it' I <- k - 1  , or .~-+ 0 " 

Proof. Let Y~. Y~ . . . . .  Yt,,~, ) be an enumeration of all (k-1)- tuples  of X, and let 
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n ) matrixA=(a/j) ,  EL, E., . . . . .  EI~ I denote the members o f -~ .  Define an ]-:Ygl X k - 1  

as follows. 

{10 if EiDYj__ . [I</_~,A,~,,= = 1 < . j ~ [ k n =  )1. 
aij := if E i ~_ Yj'  - 1  

n ) Then the of A be That Assume I~t~l > k -  1 ." r o w s  cannot linearly independent. is, 

one can choose suitable reals ~-, 72 . . . . .  ~l,~rt (not all of  them being zero) such that 

i = l  

Let Y be a minimal subset of X with ~ '  c~i~-0. We clearly have IYl>=k, and for 
Ei~Y 

every Z ~ Y 
~ i = ( - 1 )  Ir-zl ~ v . i ¢0  

Edq Y= Z E, =~ g 

holds, as can be shown by an easy backwards induction on I Z I. This yields, in parti- 
cular, that fm every Z c = Y  there exists E~C,~.f with E ~ f q Y = Z .  | 

Corollary. Given natural numbers n, lc (n~-k), we have 

Remarks 4. The upper bound in (*) cannot be improved without any further 
restriction on n and k. (Set n=2k- - l . )  

On the other hand, the lower bound can also be attained. If i = k - 1 ,  for 
instance, then the proof" of Theorem 1 (i) applied to the system , ~ : =  { X - E I E E . ~ }  
shows that 

k -  1 ' 

5. One can easily prove that 

= k -  1 ~ T(n, I~ - 1, k). 

As a matter of fact, we suspect that in both (*) and (**) the lower bound is attained 
i fn  is sufficiently large. In particular, for i=0 ,  this would yield an interesting gene- 
ralization of the Erd6s--Ko--Rado theorem [5]. 
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